Thin walled stiffened composite panels, which are among the most utilized structural elements in engineering, possess the unfortunate property of being highly sensitive to geometrical imperfections. Existing analysis codes can predict the buckling load of a structure with specified initial imperfections. However, it is impossible to determine the amplitude and shape of imperfections of nonexistent composite panels that are only being designed. This is due to a variety of uncertainties that are involved in fabrication of panels. Due to the very nature of the manufacturing processes, it is hard to imagine that a given process could ever produce two identical panels. Currently, however, rather than analyzing the manufacturing processes that lead to imperfections, panels are typically designed using probabilistic models to account for the uncertainties in imperfections. This paper presents an efficient approach that employs a convex model of the uncertainties in the imperfections. This approach can replace the computationally expensive probabilistic approach typically used in the study of imperfection sensitive structures. Several example problems are solved to show the accuracy of the predictions of the convex model. A Monte Carlo simulation has also been performed to validate the results obtained by the convex model and show the effort and cost reductions obtained by the use of such models.
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Introduction
The design and analysis of compressively loaded stiffened composite panels has been studied by many investigators 1, 2 , and it is well known that the elastic limit load of a panel is greatly affected by the initial imperfections in the panel shape 3 . Load versus end-shortening response (normalized with respect to their critical values) of a simply supported stiffened panel, for example, is shown in Fig. (1) . The solid lines in the figure correspond to perfect panel behavior, while the dashed lines are for imperfect panels. Geometrically nonlinear behavior observed in the figure can be classified into three general types: short wavelength postbuckling, Euler postbuckling, and modal interaction. For short wavelength postbuckling the panel buckles into half-wave lengths, which are approximately equal to the width between stiffeners, and is capable of carrying loads greater than its buckling load. For Euler (global) postbuckling, the panel buckles into one half-wavelength along its length and its load-carrying capabilities remain essentially neutral after buckling. The modal interaction is a case in which the short wavelength and Euler modes have critical loads of almost equal value. In this case, the panel is unable to carry loads greater than its buckling load. Moreover, the panel becomes extremely sensitive to imperfections, reaching an elastic limit load well below the predicted buckling load. Initial imperfections are the primary source of discrepancy between experimental failure loads, and loads predicted on the basis of linear structural analysis.
Historically, engineers have employed empirical "knockdown" factors to account for the large discrepancy between theoretical and experimental values of buckling and elastic limit loads. The knockdown factor, when multiplied by the classical buckling load for the perfect structure, yields an estimated lower bound of the buckling load for the imperfect structure. The knockdown factors are often determined experimentally for a range of distinct structures, materials, and manufacturing processes. Such an approach has several drawbacks such as the need to constantly update the knockdown factor to include new experimental results.
A more sophisticated approach will be to use finite element techniques for the nonlinear analysis and design of stiffened panels with imperfections. However, the high computational cost associated with this approach prevents their use in cases requiring repetitive analyses like optimization problems. Several approximate methods using analytical or semianalytical approaches have been developed to obtain a more economical way of taking into account the effects of geometrical imperfections and the nonlinearities. An example is a code called PANDA2 by Bushnell 4 .
Another approximate semi-analytical method was recently developed for geometrically nonlinear analysis of thinwalled composite panels 2 . The analysis is capable of predicting the nonlinear postbuckling stresses and deformations, elastic limit points, and imperfection sensitivity of panels in a cost-effective manner. The panel geometries that can be analysed are composed of linked prismatic plate strips (see, for example, Fig. 2 ). The panels may be subjected to a variety of load cases including uniaxial loads, combined inplane axial loads, pressure and temperature. The method was developed as an extension to the buckling analysis code VIPASA and uses buckling eigenfunctions, calculated by VIPASA 5 as the primary displacement shape functions for the nonlinear analysis. It has been incorporated into a FORTRAN code, NLPAN (NonLinear Panel Analysis) and is suitable for optimum design problems because of its low computational cost.
Although appropriate tools capable of incorporating initial imperfection into the analysis exist, use of such tools to design panels is not straightforward. One of the dilemmas is the shape and magnitude of imperfections. The exact shape of imperfections is only known for existing panels. If, on the other hand, we are interested in designing a panel, we will have no information about the magnitude and shape of the imperfections in that nonexistent panel. One way to handle this situation has been to assume the worst case scenario for the shape of imperfections with magnitudes with built in uncertainty.
A natural way to deal with uncertainty in the initial imperfections is to employ a stochastic approach. Bolotin 6 presented a probabilistic analysis that treated initial imperfections as random variables with a specified joint distribution. 
The aim of this study is to exploit partial information (which is usually all that is available) about the initial imperfection of stiffened panels, to determine their buckling loads. Explicitly, the minimum buckling load will be determined as a function of parameters, which characterize the range of possible initial imperfection profiles of the panel. Nonprobabilistic convex models of uncertainty in the initial imperfections will be employed. The uncertainty in the initial imperfection profiles will be quantified in terms of the variability of the modal amplitudes of those profiles. The amplitudes of the first N most significant mode shapes are assumed to fall in an ellipsoidal set in the N-dimensional Euclidean space. The minimum elastic limit load is then evaluated as a function of the shape of the ellipsoid. The convex model of uncertainty was used by Linderberg 9 in the analysis of radial pulse buckling of shells. Ben-Haim and Elishakoff 10 used it in the analysis of static axial buckling of shells, and in other applications 11 .
A more detailed discussion of the panel geometry along with schemes used for designing panels for imperfections, and the suggested new scheme are discussed in Section 2. Section 3 presents the convex model employed in this study along with the mathematical analysis involved in predicting the weakest panel profile. 
The Design Problem
The panel configuration used in this study is shown in Fig. 3 . Neither out of plane pressure nor thermal loadings are applied.
The analysis assumes that, in the postbuckling load regime, the panel displacements have the following form,
where summation over i and j is implied, and } {u is the vector of displacements in the x, y, and z directions. The design problem is to minimize the weight of a linked-plate panel such that it will sustain a specified design load N D , without an elastic limit load, N L , failure or local material failure. In existing treatments of this problem 1 , the geometric imperfection is assumed to have a given shape, based on previous experience with the manufacturing process (Fig. 4 ).
However, due to the nature of the manufacturing process, the actual shape of the geometric imperfection that is designed will be different from the assumed one and varies from panel to panel.
The objective of this paper is to introduce a convex model to account for the uncertainties in the imperfection profile of a manufactured panel. Thus, instead of using an estimate for a nominal imperfection profile in the design problem, an estimate for a number of imperfection parameters is used. These imperfection parameters are chosen such as to represent a realistic ensemble of panels that can be expected from the manufacturing process in hand. The output of the convex model is the weakest panel profile, which is then used in the design problem instead of the traditionally assumed nominal profile. A schematic of this process is shown in Fig. 5 .
It is expected, however, that there is a close relationship between the design variables defining the stiffened panel (e.g. stacking sequences, dimensions) and the geometrical imperfections resulting in it after manufacturing. The investigation of this relationship and its incorporation in the design process is the main long-term objectives of this study. That is, in the long term we intend to close the loop with a manufacturing model that will account for the major sources of imperfections. The input to the manufacturing model are the design parameters defining the panel (e.g. dimensions, stacking sequences), and output from it are the imperfection parameters that define the family of panels to be expected from the given manufacturing process. The imperfection parameters are then fed into the imperfection convex model to determine the weakest panel in the ensemble. The overall effect of this process is to reduce the effects of the geometric imperfections introduced by the manufacturing process on the final product to a minimum. The projected closed loop design scheme is shown in Fig. 6 .
Convex Models
The probabilistic approach to the modeling of uncertainty begins by defining a space of events and a probability measure on that space. The space is all-inclusive; it includes everything that could occur, and possibly events that cannot occur. The probability measure contains all information concerning the relative frequency of different events.
The set-theoretic (convex-model) approach to the modeling of uncertainty is different. A space of conceivable events is defined, as in the probabilistic approach. However, no probability measure is defined. Rather, sets of allowed events are specified, and the structure of these sets is chosen to reflect available information on what events can and cannot occur. It is remarkable, and of considerable practical significance, that sets whose elements represent spatial or temporal uncertainty are often found to be convex 11 . A region is convex if the line segment joining any two points in the region is entirely in the region. Circles and triangles delimit convex regions whereas quadrilaterals may or may not, depending on whether their diagonals intersect within the region. In this paper, convex models are used to represent the uncertainty of the initial imperfection profile of the stiffened panel. 
In the present work, the deviation Thus, the minimum value of the elastic limit load in Equation (3) becomes:
Define Ω as an N × N diagonal matrix whose n th diagonal element is 1 2 / ω n . Then, as seen from Equation (4) 
where γ is a constant multiplier whose value must be determined. For an extremum, we require that the derivative of the Hamiltonian vanish:
Substituting this into the constraint Equation (6) 
Thus, the minimum value of the elastic limit load is given by:
To find the weakest panel profile, it is thus required to check only two panels given by: It is significant that the above analysis yields an explicit relationship between the minimum elastic limit load and the parameters defining the uncertainty in the initial imperfection α and ω ω 1 , ,
In the next section, example problems are solved to validate the predictions of the convex model, and to show the great reduction in effort and cost achieved by using a convex model instead of the traditional probabilistic analysis techniques.
Validation of The Convex Model Predictions
In order to validate the convex model predictions for both the "weakest" panel profile and the minimum elastic limit load, a direct minimization problem is formulated as follows: Before solving the above direct minimization problem, a quick look at the function to be minimized shows that the response is highly sensitive to noise in numerical calculations. Thus, using a continuous minimization algorithm (e.g., Conjugate Gradient) might not lead to the required minimum. In order to smooth out the response, a response surface approximation for the actual function was employed. First, a single response surface was fitted around the point of zero imperfection using a Central Composite Design (CCD) with 324 function evaluations. However, low values of R 2 were obtained, which indicated that the surface did not provide a good fit for the variation in the elastic limit load. This is mainly due to the sudden switch in behavior around the origin that the response surface was not able to model. The panel under consideration has stiffeners only on one side of the skin and, hence, is unsymmetric. Therefore, effects of the positive and negative imperfections on the response of the panel are quite different from one another. This suggested the use of two response surfaces: one for representing the region with negative q 1 (first mode amplitude), and the second for positive q 1 amplitudes. These surfaces were second order polynomials, each requiring 257 function evaluations (designs).
We used stepwise regression to find the response surface polynomial, Draper and Smith 12 . This procedure removes redundant parameters from the approximating model, which is important in constructing an accurate and robust model. We used forward regression, which builds up an approximate model starting from the most important parameter and adding parameters to the model, one at a time, until there are no important parameters left. Tests that employ Mallows', Cp criterion, partial R 2 criterion or the partial F criterion can be used to identify the most important parameter in each step 12 . We used the partial-F criterion as follows. In each step of the stepwise regression procedure, we have a model, and a set of candidate parameters that can be added to the model. The value of F corresponding to each parameter measures the reduction in the sum of square errors of the model predictions that can be achieved if the parameter is included in the model. The parameter that has the largest F is considered as the most important parameter.
The quality of a model is measured using a quantity called R A good agreement is noticed, especially for values of q 1 away from zero. Based on the above, we concluded that the response surface polynomials were acceptably accurate.
The direct minimization problem is now reduced to the simple minimization of the quadratic response surface functions subjected to the ellipsoidal constraints. In order to span the range of possible imperfection amplitudes, we move the center of the ellipsoid: the nominal value of the first mode's amplitude is varied from -0.0481 to 0.0481 while the amplitudes of the remaining modes are fixed. The predictions of the Convex Model are compared to the minimum of the response surface approximation. Figure 8 Recall that the Convex Model predictions are obtained by simple substitutions in Equations (12) and (13) . The construction of the response surface approximation, on the other hand, required the analysis of more than 500 panels in order to get a good fit to the actual variation.
Probabilistic Analysis of Elastic Limit of the Panel
In this section, the Convex Model is compared to a probabilistic model. There are three probabilistic approaches to a reliability assessment problem. 1) Direct integration of the joint probability density function of the random variables over the failure region in the space of random variables, 2) Second moment methods, and 3) Monte Carlo simulation.
Direct integration is too expensive for problems involving more than three variables because it involves a nested integration. Therefore, it is not practical for most real life problems. The main idea behind second moment methods is to approximate the performance function with a simple function, which allows us to find the probability of failure using a closed form, analytical expression 13 . The performance function is a function that is non-negative if the structure survives, and negative if it fails. The approximating function can be a first degree or a second-degree polynomial. The polynomial can be determined using Taylor series expansion of the performance function in the space of the random variables. The expansion point is called most probable failure point or design point. It is determined by transforming the random variables into standard, independent Gaussian variables and finding the point on the limit state surface closest to the origin in the space of transformed variables. A standard Gaussian random variable has zero mean and unit standard deviation. The origin in the space or the transformed variables corresponds to the mean values of the original random variables. Optimization is used to determine the most probable failure point. Second moment methods are far more efficient than direct integration and Monte-Carlo simulation. They typically require less than ten function evaluations (provided that closed form analytical expressions for the sensitivities of the performance function with respect to the values of the random variables are available). An additional advantage is that they determine the sensitivity factors, which indicate the most important random variables. However, in few cases, the optimization algorithm used for finding the most probable failure point may not converge, or converge to a local instead of a global optimum. In the latter case, the probability of failure can be grossly underestimated).
Monte-Carlo simulation generates sample values of the random variables using a random number generator, calculates the performance function and checks if the structure fails. This procedure is repeated many times (from a few hundred to several thousand). The relative frequency of failure, i.e. the number of replications in which the structure has failed over the total number of replications, is an estimator of the failure probability. Monte Carlo simulation methods are easy to implement and robust, but are also expensive. Therefore, they are used in cases where the performance function can be calculated rapidly.
Some studies have approximated the performance function by a second-degree polynomial and performed Monte-Carlo simulation using this polynomial instead of the performance function, which has reduced dramatically the computational cost 14 .
We did not use a second moment method because the performance function describing the panel failure can have multiple most probable failure points. We used the second-degree polynomial presented in section 4.0, instead of the numerical analysis based on NLPAN for determining the panel elastic limit load, which reduced dramatically the computational cost of Monte Carlo simulation. Moreover, because the polynomial was found to approximate the actual elastic limit reasonably accurately, the estimated probability distribution of the elastic limit should also be accurate.
The coefficients that describe the deviations of the amplitudes of the modes from their nominal values were assumed to be independent and uniformly distributed random variables. They were assumed to vary in intervals defined by the axes of an ellipsoidal set (convex model). That is:
where the values of α and ω i are identical with those in section 4.0. We considered ten cases where the nominal value of the first mode amplitude, o q 1 , was assumed to vary between -0.0481 to +0.0481. The remaining mode amplitudes were assumed equal to 0.0001. 100,000 replications were used.
Figures (10-a and -b) compare the minimum elastic load found using the convex model and the 1% and 99%
percentiles of the elastic load found using Monte Carlo simulation. The results of the convex and probabilistic models are in reasonably good agreement. Indeed, the minimum elastic load found from the convex model is quite close to the 1 percentile.
However, the convex model predictions are not consistently below or above the 1 percentile. The probability of the elastic load The discontinuity in the convex model prediction of the minimum elastic limit load in Fig. 8 for o q 1 =0.01924 should also be because of numerical error.
For the example considered, the convex model appears to be adequate. The convex model requires less information about uncertainties, and is considerably more efficient than probabilistic analysis. It does not require designs for fitting a response surface. Therefore, we decided to use it to reach the long-term objective of the study described in section 1.0.
In general, if little information about uncertainties is available, one should use a simple model that gives consistently conservative results. A convex model is likely to be better than a probabilistic model in these cases. However, a convex model that uses an ellipsoidal set to model uncertainties is not always conservative. For example, if some or all variables are strongly correlated the probability of all the variables assuming their extreme values simultaneously can be significant. In this case, the convex model that employs an ellipsoidal set can yield an unreasonably high characteristic value (that is, there is a significant probability that a sample panel has lower strength than the characteristic value). Therefore, in problems where the correlation between the random variables is not known, it is better to assume that the uncertain variables vary in a rectangular instead of an ellipsoid.
Concluding Remarks
The objective of this study was the development of a convex model for the uncertainties in the initial geometric 
